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Abstract: Motivated by the papers of Piterbarg (2004) and Hiisler (2004), in this paper the asymptotic 
relation between the maximum of a continuous dependent homogeneous Gaussian random field and the 
maximum of this field sampled at discrete time points is studied. It is shown that, for the weakly 
dependent case, these two maxima are asymptotically independent, dependent and coincide when the 
grid of the discrete time points is a sparse grid, Pickands grid and dense grid, respectively, while for 
the strongly dependent case, these two maxima are asymptotically totally dependent if the grid of the 
discrete time points is sufficiently dense, and asymptotically dependent if the the grid points are sparse 
or Pickands grids. 
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1 Introduction 

Let {X(t), t > 0} be a stationary Gaussian process with mean 0, variance 1, correlation function r{t) and continuous 
sample functions. The study on the limit distribution theory on the maximum of {X(t),t > 0} up to time T: 
Mt = max{A(t),0 < t < T} can be dated back to Pickands (1969). Assume that the correlation function r{t) 
satisfies for some a £ (0, 2], 

r(t) = 1 — |t|“ + o(|t|“) as < —>■ 0 and r{t) < 1 for t>0 (1) 

and 

?’(t) logt —>■ 0, as t —>■ 00 . (2) 

It is well known (see e.g. Pickands (1969), Leadbetter et al. 1983) that ([T]) and ([2]) imply the following classic limit 
relation 


P{aT{MT — hr) < a^} —t exp(—e ®) 


(3) 


as T —>■ oo, where 


(2j' 


\/2l^. 


Ot = \/ 2 log T + 


log[(27r)-F2-H„(21ogr)-F2+i/«] 

V2WT 


*Research supported by National Science Foundation of China (No. 11326175), Natural Science Foundation of Zhejiang Province of 
China (No. LQ14A010012) and Research Start-up Foundation of Jiaxing University (No. 70512021). 

'I'E-mail address: tzq728@163 .com 







Here T-La denotes Pickands constant, which is defined by T-La = limA->.oo with 


-Ha 


(A) = Eexp ^ 


and Bh is a fractional Brownian motion, that is a Gaussian zero mean process with stationary increments such 
that It is also well known that 0 < Ha < oo, see e.g. Pickands (1969), Leadbetter et al. (1983), 

Piterbarg (1996). 

The extensions of the classic result to more general cases, such as for non-stationary case, strongly dependent 
case, can be found in Mittal and Ylvisaker (1975), McCormick (1980), McCormick and Qi (2000), Hiilser (1990), 
Konstant and Piterbarg (1993), Seleznjev (1991, 1996), Hiilser (1999), Hiilser et al. (2003), Tan et al. (2012) and 
among others. 

In applied fields, however, the classic result ([3]) can not be used directly, since the available samples are discrete. 
Usually, simulation techniques are applied to derive results for continuous process when they can not be derived with 
mathematical analytic tools. Simulations of such processes are performed for discrete time-grids, while the results 
should be interpreted in the context of continuous time. Therefore, it is crucial to investigate the relation between 
the extremes of the continuous process and the extremes of the discrete process. 

Piterbarg (2004) first studied the asymptotic relation between Mt and the maximum of the discrete version = 
max{X(fc(5), 0 < k5 < T} for some <5 = 5{T) > 0,k G N, where N denotes the set of all natural numbers. Following 
Piterbarg (2004), we consider uniform grids 91 = 91((5) = {kS : k G N}, 6 > 0. A grid is called sparse if <5 is such that 


(5(21ogT)i/“ ^ D 


with D = oo. If D G (0, oo), the grid is a Pickands grid, and if H = 0, the grid is dense. 

For the stationary Gaussian processes, Piterbarg (2004) first showed that the maximum of discrete time points 
and the maximum Mt of the continuous time points can be asymptotically independent, dependent or totally 
dependent if the grid is a sparse, a Pickands or a dense grid, respectively. This type of results are called Piterbarg’s 
max-discretisation theorems in the literature, see eg. Tan and Hashorva (2014a). 

Based on the results of Hiisler (1990), Piterbarg’s max-discretisation theorems were extended by Hiisler (2004) to a 
class of locally stationary Gaussian processes which was introduced by Berman (1974). Other related results such as 
for the storage process with fractional Brownian motion as input and stationary non-Gaussian case can be found in 
Hiisler and Piterbarg (2004) and Turkman (2012), respectively. The recent contributions Tan and Wang (2013) and 
Tan and Tang (2014) present Piterbarg’s max-discretisation theorem for strongly dependent stationary Gaussian 
processes. The Piterbarg’s max-discretisation theorems for multivariate Gaussian processes can be found in Tan and 
Hashorva (2014b) and their improvement to different grids can be found in Tan and Hashorva (2015). 

The Piterbarg’s max-discretisation theorems for Gaussian processes have been studied extensively under different 
conditions in the past, but it is far from complete. In this paper, we are interested in the similar problems for the 
Gaussian random fields. It is well known that Gaussian random fields play a very important role in many applied 
sciences, such as in image analysis, atmospheric sciences, geostatistics, neuroimaging, astrophysics, oceanography, 
hydrology and agriculture, among others, see eg. Adler and Taylor (2007) for details. Extremes and their limit 
properties are particularly important in these applications, see, for instance, Aza'is and Wschebor (2009). 

The paper is organized as follows: In Section 2, we present the main results for weakly and strongly dependent 
Gaussian fields. Section 3 gives the proofs. Some technical auxiliary results are presented in Sections 4 and 5. Let 
(j) and 4/ denote the density function and tail distribution function of a standard normal variable. 


2 Main results 

Denote the set of all real numbers by M and let be d-dimensions product space of R, where d > 2. In this 
paper, we only consider the case of d = 2 since it is notationally simplest and the results for higher dimensions 
follow analogouss arguments. Here the operations with the vectors are meant component-wise. For instance for two 


vectors t = (^ 1 ,^ 2 ) and s = (si,S 2 ), s < t, t — s and st mean Si < ti, i = 1,2, (ti — Si,t 2 — S 2 ) and (siti,S 2 ^ 2 )) 
respectively. T —>• 00 means Ti ^ 00 , i = 1, 2. Let It = {t G : 0 < ti < Ti, i = 1, 2}. Let {^(t) ; t > 0} denote 
a homogeneous Gaussian field with covariance function 

r(t) = Cow(X(t), X(0)). 


In this paper we assume that the covariance function satisfies the following conditions: 

Al: r(t) = 1 - |ti|“i - 1 ^ 2 !“^ + o(|ti|“i + 1 ^ 2 !“^) as t 0 with ai G (0, 2]; 

A2: 'r(t) < 1 for t ^ 0; 

A3: limt-ioo ?'(t) log(tit 2 ) = r G [0,oo) and both r(0,t2)logt2 and r-(ti, 0) logti are bounded. 

Throughout the paper, for any set E C and k G N^, define 

Me = maxX(t) = max{A(t),t G E}, MS = max A(t) = max{A(kp),kp G E}, 

t^E tGEnfH(pi )x9K{p2) 

where fH(pi) = {kpi, k G N}, i = 1, 2, are uniform grids. If E = It, we write the above two maxima for simplicity as 
Mt and M^, respectively. For dealing with the multivariate case, we redefine the uniform grids fH(pi) = {kpi, k G N}, 
f = I, 2 as following. The grid fK(pi) is called sparse if pi = Pi{T) is such that 

p,(21ogTir2)i/“^ ^ A, f = l,2 


with A = 00 . If Di G (0, 00 ), the grid is a Pickands grid, and if Di = 0, the grid is dense. 

Under conditions Al and A2, Theorem 7.1 of Piterbarg (1996) showed that for any fixed h > 0 

P ( max 
Vteih 

as M —>■ 00 , where i = 1, 2 are the Pickands constants. This exact asymptotic plays crucial role in deriving the 

Gumbel law and also will be used in the proofs of our main results. 

Now, we state our main results which extend the existing results (including Piterbarg (2004) and Tan and Wang 
(2013)) to Gaussian random helds. The extensions are, however, nontrivial in that asymptotic relation between two 
Gaussian fields is more complicated than that of Gaussian processes. This can be seen from the proof that follows. 
Theorem 2.1. Let {A(t) : t > 0} be a homogeneous Gaussisn held with covariance function r(t) satisfying Al, 
A2 and A3. Then for any sparse grids iJ\{pi), i = 1,2, 


A(t) > M ) = + o(l)). 


(4) 


P {aT(MT — ^t) < X, — 6l^) < y} 


/"“exp(-(e 

J —00 ^ 


— x—r — p—r+\/^; 


(l>{z)dz 


as T —>■ 00 , where 


O-T = 


V 21 ogTiT 2 , 5t = UT + a-^ log (i2T:)-^/^'Ho,,'Ho,, 


and 


foP = OT + log (^(27r) ^2 ^(«t) ■ 


(5) 


As the special case, we can obtain the limit distribution of the maximum for a homogeneous Gaussian random field, 
which will be used in the proof of Theorem 2.3. 

Corollary 2.1. Let {A(t) : t > 0} be a homogeneous Gaussian held with covariance function r(t) satisfying Al, 
A2 and A3. Then for any a: G M, 

T|aT(MT - 6 t) < sj —> exp (f,{z)dz 


( 6 ) 



as T — 7^ oo. 

Remark 2.2. A similar result as Corollary 2.1 can also be derived from Theorem 15.2 in Chapter 4 of Piterbarg 
(1996), where the author dealt with the limit properties of uncrossing point processes under some slight different 
conditions. 

Before presenting the result for Pickands grids, we introduce the following Pickands type constants. For a > 0, 
define, 

Ra a(A) = Eexp ( max \/2Ba/2{ka) — (ka)°‘\ , 

’ \fcaG[ 0 .A] ' ) 


we have (see Leadbetter et al. 1983), 

"Ha,a = lim e (0,oo). 

A^oo A 

For any d > 0, define 


/ + 00 

e^P 

-OO 


max V 2 x(ti,t 2 ) > sX, 

\Cii ,i2)£ [0,Ai] X [0,A2] 

V 2 x{kidi,k 2 d 2 ) > s-\-y\ds, 


max 

(fclcil,/C2C^2)^[0,Ai]x[0,A2] 


where 

xihM) = + <^ 72 (^ 2 ) - \ur - \t 2 r 


and independent fractional Brownian motions. 

Theorem 2.2. Let {-A(t) : t > 0} be a homogeneous Gaussian Held with covariance function r(t) satisfying A.1, 
A2 and A3. Then for any Pickands grids 9l{pi) = 9l(ai(21ogTiT2)“^/“’) with Ui > 0, i = 1,2, the following limit 
exists, 


■= lim 

'^a,Q;i,a2 x IT 


' ^a,Q;i,a2 


(Ai,A 2 )/AiA 2 € (0, 00 ) 


and 


P {aT(AfT — &t) < X, aT{M!^ — ba.x) < y} 

J —00 ^ ^ 


as T —>• OO, where 


ba.T = OT + log (^(27r) • 


Theorem 2.3. Let {^(t) : t > 0} be a homogeneous Gaussian field with covariance function r(t) satisfying Al, 
A2 and A3. Then for any dense grids iifiipi), i = 1,2, 

/ +00 

exp f-e"(g) 

-00 ^ ' 

as T —>• OO. 

Remark 2.2. i). In the literature, the Gaussian field A(t) with correlation satisfying limt_>oo x{t) log(tit 2 ) = r £ 
[0,oo) is called weakly and strongly dependent for r = 0 and r > 0, respectively, see eg., Mittal and Ylvisaker 
(1975). Theorems 2.1-2.3 show that for the weakly dependent case the two maxima are asymptotically independent, 
dependent and coincide when the grid of the discrete time points is a sparse grid, Pickands grid and dense grid, 
respectively. For the strongly dependent case, the asymptotic independence between the two maxima does not hold 
anymore because of the strong dependence of A(t). However, in this case these two maxima are asymptotically 
totally dependent if the grid of the discrete time points is sufficiently dense, and asymptotically dependent if the 
the grid points are sparse or Pickands grids. 

ii). If Ti = 0{T2), as T —> 00 , then the condition that r(0,t2)logt2 and r(ti,0)logti are bounded in Assumption 



A3 can be omitted. Noting that Assumption A3 is only used in the proof of Lemma 3.3, it is easy to check this point 
from the bounds of St ,22 and Mt ,22 in the proofs of Lemma B1 and B3, respectively. However, if Ti = o(T 2 ), as 
T —>• 00 , then Assumption A3 can be weakened as: hint ->00 ?'(t) log(tit 2 ) = r S [0, 00 ) and r(0, < 2 ) logt 2 is bounded. 
A similar statement holds also for the case T 2 = o(Ti). 

3 Proofs 

First, define p(T) = 7 ’/log(Tir 2 ) and let a > 6 be constants which will be determined in the proof of Lemma 3.3. 
Following Piterbarg (2004), divide [0,Tj] into intervals with length T“ alternating with shorter intervals with length 
Tj’, i = 1 , 2 . Note that the numbers of the long intervals is at most rii = [Ti/{T^ + Tf)J, where [a:J denote the 
integral parts of x. Let O; = [(ii - l)(rf + T^), {n - l)(Tf + T^) + Tf] x [{12 - 1){T^ + r|), {h - 1){T^ + r|) + 
i = 1, • • • , n and O = UiOi. We will show blow that the remaining area It\C) plays no role in our consideration. 
Let {Ai(t),t > 0}, i > 1 be independent copies of {A(t),t > 0} and { 77 ( 1 ),! > 0} be such that r]{t) = Ai(t) for 
t € Ei := [(zi - l)(rf + Tl), ii(Tf + Tf)) X [(z 2 - 1)(T| + r|), i 2 (Ti + r|)), i = 1, • • • , n. Define 

^T(t) = (1 - p(T))'/%(t) + pi/2(T)t/, t e It, 

where 17 is a standard normal variable independent of {r/(t),t > 0}. Denote by £<(s,t) the covariance function of 
{?T(t),t € It}. It is easy to check that 

_ / r(t,s) + (l-r(t,s))p(T), s € Ej, t € Ej, i = j; 

P(T), seEi,teEj,i77j. 


The proofs of our main results rely on the following Lemmas. In the sequel, C shall denote positive constant whose 
values may vary from place to place. 

Lemma 3.1. Suppose that the grids IH(pi), z = 1, 2 are sparse grids or Pickands grids. For any B > 0, we have for 
all x,y € [—B, B], 


P 


|aT (Mt — 1)t) < X , ot (H^t ~ ^t) ^ 1 

< aT(maxA(t) — 5 t) < a:,aT( max X(t) — brp) < y } 


-P 


as T —>■ 00 , where 6-j. = for sparse grids and bj. = 6a ,t for Pickands grids. 

Proof: The proof is similar to that of Lemma 6 of Piterbarg (2004). Clearly, we have 


P 


|aT (Mt — 6 t) < X, At — &t) ^ 2 /| 

< ot} max A(t) — 6 t) < a:, ot} max X(t) — brr^) < y > 

\ ^''tGO ^ ^ tem{5^)xm{52)no t; - yj 

A(t) > 6-j. + y/oT 


-P 


< P < max A(t) > 6 t + x/gt } + P 

}tGlT\0 ' ' 


max 

tG‘K(5i)xm(52)nlT\0 


By Theorem 7.2 of Piterbarg (1996) (denote by mes{-) the Lebesgue measure) 

pi max A(t) > 6 t + x/otI = 0{l)me.s{lT\0){bT + x/aT)‘^^°‘^~^‘^^°‘^'^ibT + x/gt) 

(tGlxVO J 


= 0 ( 1 ) 


mes (It\0) 

T 1 T 2 


(9) 


< pill niTHT2^ + r|) + n2r|(Pf + P}) 

^ ’ T^T2 

as T —>■ 00 , by the choice of ot and 6 t. In light of (ITSl) and (1^^ in the Appendix for a sparse grid and Pickands 
grid, respectively, we can get the same estimation for the second probability in the right-hand side of ([9]), hence the 
proof is complete. □ 








For the proofs we need also the following auxiliary grids ^{qi) with Qi = 7^(2 logTiT 2 )“^/“‘ and 7 ^ > 0, i = 1, 2. 
Lemma 3.2. Suppose that the grids IH(pi), i = 1, 2 are sparse grids or Pickands grids. For any B > 0, we have for 
all x,y G [—B, B] 

P < axfnraxXlt) — oxf nrax X (t) — brj.) < y > 

\ ^ WGSR(pi)xSR(p 2 )no Tt - yj 

< ax( max -^(t) — &r) < a;,ax( max -^(t) — &x) ^ J/ r 

1 ^ ' tG'K(gi)xm(g2)nO ' ^ tGK(pi)xK(p2)nO ' j 


-P- 


0 


□ 


as T —?► 00 and 7 ^ I 0, where bj. = 6 !^ for sparse grids and bj. = 6 a. x for Pickands grids. 

Proof: It follows from Lemma A4. 

The following lemma plays a crucial role in the proofs of Theorems 2.1 and 2.2. 

Lemma 3.3. Suppose that the grids IH(pi), z = 1, 2 are sparse grids or Pickands grids. For any B > 0 we have for 
all x,y G [—B, B], 


P 


< ax( max X(t) — 6 x) < x, ax( max X(t) — 6 ^) < y ^ 

AG?l(<ji)xiK(g2)nO AGm(pi)xiR(p2)nO J 

—P< ax( max CT(t) ~ ^t) < a;,ax( max ^x(t) ~ ^x) ^ 2/ r 
AG‘R(gi)xSR(ij2)nO AeSH(pi)x‘R(p2)nO J 


0 


as T —>■ 00 , where brj. = b^ for sparse grids and 6 ,p = 6 a,x for Pickands grids. 

Proof: For the sake of simplicity, let ux = 6x + a:/ax, u'rp = b'rp + yja^. Using the Normal Comparison Lemma 
(see eg. Leadbetter et al. (1983) and Piterbarg (1996)), we have 


P 


< ax( max A(t) — 6x) < a:, oxf max X(t) — brff)<y 

{ UeSR(<?i)xm(g 2 )no ' UGm(pi)xm(p 2 )no . 

— P<ax( max fx(t) — 6x) < a:, ox ( max £x(t) — 6x) < 7 ^ 

\ ^ AGK(<?i)x?l(g2)nO^-^^ ^ AG9l(pi)xK(p2)nO^^^ ^ - SJ 


< k(kq,lq) - £'(kq,lq)| 


kqeOj ,IqeOj 
kq5<ilq,l<i,j<r 


+ X] k(kp,lp) - 6'(kp,lp)| 

kpeOj,ipeOj ’ 

kp?ilp,l<i,j<n 

X k(kq,lp) - 7(kq,lp)| 


kqeOj ,ipeOj 
kq5iilp,l<i,j<n 


'0 \/l - r(C(kq, Iq) 

f , ‘ 

'0 \/l - r('*)(kp, Ip) 

r , ‘ 

0 \/l - r(C(kq, Ip) 


exp - 


exp 


1 + pi'*! (kq, Iq) 


1 + (kp, Ip) 


dh 


dh 


exp - 


2(1 + (kq, Ip)) 


dh, 


where r(^^(kq, Iq) = 6 r(kq, Iq) + (1 — 6 ) 7 (kq, Iq). Now, the lemma follows from Lemmas B1-B3 in the Appendix 
B. □ 

Lemma 3.4. Suppose that the grids 91(pi), z = 1, 2 are sparse grids or Pickands grids. For any B > 0 we have for 
all x,y G [—B, B] and the grids fPi{qi) with qi = 7^(2 logriT 2 )“^/“* and 7 ^ > 0, z = 1, 2 


P 


< oxf max fx(t) — 6 x) < x.utI max £x(t) — 6 rp) < y> 

\ AGm(9i)xm(g2)no^ ^ ^ AGm(pi)xiR(p2)no^ ^ ^ t; - aj 


p+OO ^2 f 

nn^l 


max? 7 (t) < max 77 ( 1 ) < )■ (j){z)dz 


as ji 4 , 0 , where 


and 


I tGO 

' ll—l 12 — 1 ^ 

bx + x/ttT — p^'^^(T)z x + r — y/^z 


(l-p(T))l/2 


ax 




6 t + 7 /ax - P^/^(T) 2 : y + r-V^z > 


( 1 -p(T))iA 


ax 


+ + o(afp ) 


( 10 ) 


( 11 ) 























with brj, = for sparse grids and brj, = for Pickands grids. 
Proof: First, by the definition of {^T(t), 0 < t < T}, we have 


P 


< axf max fT(t) ~ < x,aT( max fT(t) ~ ^ Vf 

\ neSH(<?i)x<R(g2)no ’ HeK(pi)xSR(p2)no -it - yj 


f* + 00 


P 


'-00 (_teiK( 9 i)xm(g 2 )no 
^ + 00 ^2 


max rjit) < u^, max rjit) < f (f>{z)dz 


tG^H(pi) x9^(p2)nO 


HI ii2 r 'V 

TT IT P< max 77(t) < u^, max 77(t) < ^ (t>{z)dz. 

J-oo ■■'■T ■'■T {t(^m{qi)xm{q2)nOi tGm(pi)xm(p2)nOi 

2 l = i Z 2 = i 

As for the discrete case, see page 137 on Leadbetter et al. (1983), a direct calculation leads to 

X + r — '/^z 


( 12 ) 


ax 


+ 6 t + o(a-j. ) 


and 


*' _ y + r-^/^z . i -1^ 

lifp - - -|- brjy “h j. 

Next, by Lemma A4 and the dominated convergence theorem, we have 

^+CXD r 

TT TT P\ max 77(t) < u^, max 77(t) < > (l){z)dz 

.-•■T (teai(9i)xjR(g2)nOi tGSH(pi)x<H(p2)nOi J 

Zl=l 22 = 1 

/ + 00 ^1 ^2 i' 'I 

TT TT -P i inaxn(t) < Mt, max nit) < u'^ > (j)(z)dz —>-0 (13) 

-oo -‘■T -‘■T IteOi tGSR(pi)x3l(p2)nOi ^ j '' ' 

*1=1 ^2 = 1 

as 7 i 0. Lemma 3.4 now follows by combining (I12|) with (TT^ . □ 

Proof of Theorem 2.1. From Lemmas 3.1-3.4, we known that in order to prove Theorem 2.1, it suffice to show 
that 

^ + 00 '^1 ^2 'v 

1 f If max? 7 (t) < Ux, max ? 7 (t) < f (t>(z)dz 

-oo tem(pi)xm(p2)nOi J 


Pexp(-(e 

J —OO ' 


— x—r-\-\/^z I 


=)) (l){z)dz 


as T —oo, where and are defined in Lemma 3.4. Using the homogeneity of {? 7 (t),t > 0}, 

ni 712 f 

n TT P S maxr?(t) < max r?(t) < uX- 

^ 1 tGOi tGM(pi)xlR(p 2 )nOi 

2 l = l 22 = 1 


= I P < max 77(t) < u^, 
' ’ tG[0.T“]x[0.T“] 


max 

tGlK(pi)xlR(p 2 )n[ 0 ,Tf]x[ 0 ,T 2 “] 


77(t) < u\ 


= exp ( 711712 log ( P s max nit) < itA, 

' ' ' tG[0,T“]x[0,T“] 


max 


tGSH(pi)xSR(p2)n[0,T“]x[0,T2“] 


vif) < 


= exp —ni7i2 1 — P < max nft) < mA, max 77(t) < mA 

' ' ',te[ 0 .T“]x[ 0 ,T“] teSR(pi)xSR(p 2 )n[ 0 .Tf]x[ 0 ,T“] 


Pr 


Since 


P„ =: P < max 7f(t) < u. 


Ti , 


max 


?7(t) < Mx ^ 1, 


^tG[0,T“]x[0,T2“] tG5R(pi)xlR(p2)n[0,T“]x[0,T2“] 

as T —>■ oo, we get that the remainder P„ can be estimated as P„ = 0 ( 711712(1 — Pn))- Using Lemma A2, (flUl) and 
dm, we get that 


ni7i2 f 1 — P < max 77(t) < 

' ' tG[0.T“]x[0.T“] 


XT) 


max 


teSH(pi)x‘H(p2)n[0.T“]x[0,T2“] 


v{f) < 








~ nin2T^T^T^^T^^ (^e-=^-r+V^z ^-y-r+V^z^ 

^ g—X—r+\/ 2 T-z _|_ g—y—r+%/ 2 i-z 

which combined with the dominated convergence theorem completes the proof of Theorem 2.1. □ 

Proof of Theorem 2.2. The proof of the first assertion of Theorem 2.2 can be found in Subsection 4.2. Next, we 
give the proof of the second assertion. In view of Lemmas 3.1-3.4 in order to establish the proof we need to show 

f-l-oo ni 712 


/ +00 ^^2 r 

TT TT P \ max rift) < u^, max nit) < ^ (b{z)dz 

-oo i iii UeOi teSR(pi)xSR(p2)nOi i f v y 


ll = L l2 = 
f>-\-00 


/ ^oo 

-OO ^ ' 


0 


as T —>■ oo, where and are defined in Lemma 3.4. Similar to the proof of Theorem 2.1, using Lemma A3, we 
get 


nin2 1 — P < max nit) < max r?(t) < 

' '^te[o,Tf]x[o.r2“] teOT(pi)xm(p2)n[o,T“]x[o.r2“] 


= nin 2 P < max ri{t) > ^ -I- nin 2 P 

itG[0.T“]x[0.T“] ^ ' 


max n(t) > 

tG3r(pi)xOT(p2)n[0,T“]x[0,T“] 


—nin 2 P S max rift) > u^n, 

ltG[0,Tf]x[0,T2“] tGm(pi)x3r(p2)n[0,Tf]x[0,T2“] 

' nin2T^T^T^^T^^ (^^-^-r+V^z ^-y-r+V^z^ 


max 


—nin 2 P < max ri{t) > 


max 


ltG[0,Tf]x[0.T2“] tGm(pi)xm(p2)n[0,Tf]x[0.T2“] 

as T c». To transform the last term, using m and (HU, we get 


77(t) > 


7?(t) > 


f ’ 


, X + r — y/^z , / -In 

Ur£ - - -f- Ox Oi^CLrj-, j 

Q-X 


+ - ba,T + {x- y)/aT 


= U*T + I0g{na7,a7na2,a2)+X V + Q (iloglog{T,T2)f (\ogT,T2)-^^^) . 

Observing that ~ (2 logriT2)^/^, we see that the reminder O(-) plays a negligible role. Therefore, by (1^ in 
Appendix A 


nin 2 P s max r^lt) > 


max 


, ?7(t) > 


^tG[0.T“]x[0.T2“] tGK(pi)xK(p2)n[0.T“]x[0.T2“ 

= nin2ri“T2“P°;f^-,(u;:)2/“i+2/“=^(u;,')(l + o(l)) 

= nin2ri“T“(rir2)-'Pa;f!;!i2(^ai.aiPa2.a2)-'e-^-’-+^"(i + o(i)), 

where Z^^y = log('HQ,i’Hct2) ~ log('Hai,cti’Ha2,c(2) + 2; — y- Next, changing the variables in the definition of ^2 

get that 'Ha,aT,a 2 iTdai,aiPa 2 ,a 2 )~^^~^ = ^“2)+^4°g(2taiWa2,02)+y^ dominated convergence 

theorem conclude the proof of Theorem 2.2. □ 

Proof of Theorem 2.3. In view of Lemma A4 we have 

P {ax{Afx ~ ^t) ^ X, ax — 6x) ^ y} ~ P {ot(A fx — fox) ^ x, ax{Afx — fox) ^2/} 

< P {ax (Afx ~ ^t) < 2/} — P {ax (Afx — fox) < 2/} 0, T —?> oo. 

Next, applying Corollary 2.1, we get 

P {ax(Afx — fox) < a;, ax(Alx — fox) < 2/} = P{ax(Afx — fox) < niin(a;, y)} 




Pexp( 

J —OO ^ 


_g— Ta\r\.{x,y) — r-\-y/^z 


) (l){z)dz, 


T —^ oo. 


hence the proof is complete. 


□ 










4 Appendix A 


In this section, we give some auxiliary results, which extend Lemmas 1-4 of Piterbarg (2004) from stationary Gaussian 
processes to Gaussian random fields. The ideas of the proofs are very close to that of the above mentioned lemmas. 
In the following subsections, we suppose that Assumptions A1 and A2 hold. 

4.1 Sparse grid 

In this subsection, suppose * = 1,2 are sparse grids. We will use the notations u = ySTogTiT^, so that 

Pi = Pi{u) = i = 1,2, where li{u) — >• oo as u —>• oo, with pi{u) < po for some positive po, in particular, 

Pi{u) = Po- Let Lp = [—pi,pi] X [—P 2 ,P 2 ]- First we consider the following probability 

/ (A_ _(_ A.) log-u + log(pip 2 )-I-a;\ 

P{u,x) = P A(0) > u,maxA(t) > u + ^ 

\ tGLp U j 

where x is varies in a closed interval, say, x G [—A, A] with A < oo. For simplicity, we denote 


2 2 

V := W{-1-)logM -I- log(pip 2 ). 


ai OL2 

By (U) (see also Theorem 7.1 of Piterbarg (1996)), we have 


P ( max A(t) > u -I- 

VteLp 


+ X 


= 4:PlP2'Hai'Ha2 + 

= 4-H„i'Ha2e"“4'(u)(l-ho(l)) 


2 I \ 2/ai-|-2/o!2 

V + X^ 


4' ii -f 


V + X 


(1 + 0 ( 1 )) 


(14) 


as u —?► oo. 

Lemma Al. We have P{u,x) = o(4'(m)) as u ^ oo. 


Proof: Write w = 


(< 


Oci OL2 


) logu -I- log(pip 2 ) -I- x] ju. We have 


max (A(0)-I-A(t)) > 2u-I-w . 

tGLp\L„/ 


(15) 


P(u, x) < P i max(A(0) -|- A(t)) > 2u -I- le ) . 

yteLp J 

Let Pi,P 2 be so small that 1 — r(t) < 2(|ti|“^ -|- |t 2 |“^) for all t S Ip/ = [—pi,pi] x [—piiPij- H Lp fl Lp/ ^ 0, write 

P ( max(A(0) -I- A(t)) > 2u -I- le I < P ( max (A(0)-|-A(t)) > 2u -I- le | 

VteLp J V*eLp/ J 

+ P 

The variance of the field A(0) -|- A(t), t S Lp\Lp/, is less than 4 — e for sufficiently small e > 0 and that 
P[(A( 0 ) + A(t)) - (A( 0 ) + A(s ))]2 = 2 (|ti - + |t 2 - S 2 r^)(l + o(l)) 

as t — s —>• 0, so by Theorem 8.1 of Piterbarg (1996), for all sufficiently large u and some positive e' < e, 

p( max (A(0) -I- A(t)) > 2u -I- < Gpipn(27/. -I- + 

VtGLp\Lp/ J VV4-ey 


< C'(u)+“i+2/“=-^exp 

= o( 4 '(m)). 


2 - e '/2 


as M —>■ oo. 

We will apply Theorem 8.2 of Piterbarg (1996), for the first probability in the right-hand part of dTSl) . To this end, 
by some simple calculations, we get for the correlation function of the field A( 0 ) -|- A(t), t G Lp/ 


1 - 


P(A(0 )+A(t))(A(0)+A(s)) 


< 


1 — r(t — s) 


v'P(A( 0 ) + A(t)) 2 p(A( 0 ) + A(s ))2 2 v/l + r(t)v/l + r(s) 
















< 


|tl -SlT^ + |t 2 -S 2 r= 

2 ( 2 -,5f^ _ 

< 1 - exp(-|ti - Si|“i - |t 2 - 521 “''), 

where we assume an additionally that < 3/2. For the variance of the field X(0) + X(t), t S Lp/ we have 

Var{X{0) + X(t)) = 2 + 2r(t) = 4 - 2(|ti|“i + |t 2 r'')(l + o(l)) 

as t —>■ 0, and the point t = 0 is the unique point of maximum of variance of the field X(0) + X(t). By Slepian’s 
inequality 


P [ max(X(0) + X(t)) > 2 u + w 


= P max 

\ tGL 


_ X(0) + X(t )- ^ ^(t))2 > 2u + 

' ^E{X{Q)+X{t)Y^ ^ ^ ^ ” j 

< P ^ Y (t) \/i?(X(0) +X(t))^ > 2u + , 


where Y (t) is a Gaussian zero mean homogeneous field with covariance function exp(—+ 1 ^ 21 “"]), and thus the 
conditions of Theorem 8.2 of Piterbarg (1996), for the case {ii) holds. By this theorem, for some constants C, C", 


P l^max r(t)v'-B(X(0) +X(t))2 >2u + wj 

= C'^{u + w/2)(l + o(l)) 

= C'u~^ exp(— m^/2 — uw){l + o(l)) 

= C"4'(w)exp f-^((— + —)logu + log(piP 2 ) + a;)) (1 + o(l)) 

V 2' ai q;2 / 

( 2 2 \ — 1 
U^^^PlP2j (l + o(l)) 

1/2 

= C'4'(w)e-i/2- ((21ogriT2)^+^PiP2)” (1 + o(l)). 

Since (2 logrir 2 )i/“ 'Pi —>■ oo for sparse grids 91(pi), we get the assertion of the lemma. □ 

Now we consider the probability 


Ps(u,x) = P i max X(t) > u,maxX(t) 

Vteisnai(pi)xK(p2) tGis 


> u + 


when we will allow S1S2 tends to infinity with u but not too fast. Define 


5{e) 


inf (1 — r(t)). 

max{|ti|,|t2|}>£ 


Note that 5{e) is positive for all positive e. 

Lemma A 2 . Let Si = Si{u) > 2 pi for all u, i = 1,2 and S'iS' 2 'u^/“i+^/“'' = o(exp(it^(5(£:)/8)) asu ^ 00. Then there 
exists an e > 0 such that 


P 


( max 
tGlsnlR(pi)x‘H(p 2 ) 


X(t) > u 


S1S2P1 V2 ^^(u). 


(16) 


P 


f max A(t) > It + 
VtGis 


SiS2PiWe~^'^a^no,,'l>{u), 


( 17 ) 


as u ^ 00 and 


Ps{u,x) = o 



max 

\tGlsn‘R(pi)xSR(p2) 


X{t) > u 


+ p 


( maxX(t) > u + 
VtGis 


^)) 











as u ^ oo so that 


1 —PI max X(t) < M, maxX(t) < M + 

\tGlsn^H(pi)x^H(p2) tGis 


I max > u 

\tGlsnlH(pi) x9i{p2) 


)+p( 


X 

maxX(t) > u -\ - 

tGis u 




(18) 


as M —>■ oo. 

Proof: The relation (1171) is in fact a special case of Theorem 7.2 of Piterbarg (1996) and relation (flBl) can be proved 
by the same way. Now we prove that for a sparse grid the double probability Ps{u,x) tends to zero faster than 
right-hand part of ((IT]). Let Ji = [(/i - l)pi, (/i-|-l)pi] x [(^ 2 - 1 )P 2 , (^2 + l)p 2 ], where k = 0,1,2, - ■ ■ , [Si/pi], i = 1,2. 
We have 

[Sl/pi] [S 2 /P 2 ] , :y 2 _|_ 2 .\ [S'l/pi] [S 2 /P 2 ] 

Ps(m,x) < E E P (x{kipi,k 2 P 2 ) > u, maxX(t) > u + ■ ^ - E E PkA 

All,/1—0 k2 ,l2—0 ki ,/i —0 k2 ,^2—0 

[Sl/Pl] [‘S' 2 /P 2 ] [Sl/pi] [S 2 /P 2 ] 

E E ^k.l + ^ 

fci,/i—0,|A;i—/ i|<1A:2,/2—0t|A;2~^2|^1 ki 0,| fci —/p | <1 A;2 ,^2—0,| ^2 — ^21 > 1 

[Si/pi] ['S'2/P2] [ 5 ' 1 /pi] [ 52 /P 2 ] 

+ E E E E (19) 

ki ,/i—0,1 fci —/i|>l A:2,/2—0,|A;2 —^ 2 !^! A:i ,/i —0,| fci —/i | >1 A;2 ,^ 2 —0,| ^2 — ^ 2 1 >1 

The members of the first term on the right-hand side of m can be estimated by Lemma Al, so that 


[Si/pi] [S 2 /P 2 ] 

^ Pk,l = S,S 2 P^^P 2 ^ 0 {^iu)) 

ki ,/i—0,| fci —/i I <1 A;2 ,^2—0,| A;2 — ^21 ^ 1 


( 20 ) 


as u —?► 00 . Let m = {mi,m2) with mi = 0,1,2, ■■ ■ , [Si/pi], i = 1,2. Now consider the probability Pk,k-fm = Po,i 
for max{mi,m 2 } > 1. We have, using Theorem 8.1 of Piterbarg (1996), 


Po,m < P ^max(A(0)-I-A(t)) > 2^-I- 


-I- a; 


. ^ ^+^-1 f {2u+{v^ + x)/u)^ \ 

< C'pip 2 U“i “2 exp --TTTTTTvl 

\ 2maxtGj„(2-I-2r(t))/ 


_ 2_|_2 _ ^ 

< C'pip 2 U“i “2 exp — 


-I- v'^ 


2(1 - imint6j„(l - -r(t)) 


< C'piP 2 W“i exp ( —-(it"^-I-n"^)(l-t-- min (1 — r(t)) 


, ^ 1/2 1/2 —1 

< Cpi P 2 M“1 “2 


exp ( --^u 


^ ' exp ( —min (1 — r(t)) 
' 4 tGJn. 


< C'p/^p/^it^''’^'I'(it) exp mm (1 — r(t))^ . 

Let e be such that 1 — r(t) > ^(|ti|“^ -I- 1 ^ 21 “^) for all t G (—e, e) x {—£, e). Then 

Po,m < C'p/^p/^u^+^4'(u)exp ^-iu^(5(e)^ 
for max{|(mi — l)pi|, |(m 2 — 1 )P 2 |} > e and 

Po,m < C'p/^p/^M^+^ 4 '(M)exp - l)pi|“" -f |(m2 - 1)^2!“"]^ 

for max{|(mi — l)pi|, |(to 2 — 1 )P 2 |} < £■ Thus, letting i = 1 — k, for the second sum we have 

[■Si/pi] [S 2 /P 2 ] 1 [S 2 /P 2 ] 

E E < 4S'iS'2Pi ^2 ^ E E ^01 

fci,Zi—0,|A;i —Zi|<l A;2,^2—0,|A;2 —^2|>1 n—0 22—2 








< CS 1 S 2 P 1 '*^“2 S 2 P 2 ^ exp ( —-u'^S{e) 

0 e/p: 


1 


+ ^ J2 exp f -iu2[|(ii - l)pir' + |(i2 - 1)P2 

< CSiS2P^^P2^'i'{u)o{l) 


as M —?► cxD. Similarly, 


[Si/pi] [S 2 /P 2 ] 

E E Pk.i < C'S'iS'2Pi V 2 ^^'('«)o(l) 

/ci,Zi—0,|fcl—/l|>l/C2,^2—0,|fc2 —^2|^1 


as M —^ c». For the fourth sum, we have 

[•Sl/pi] ['S' 2 /P 2 ] [Sl/lSl] [S 2 /P 2 ] 

E E < ^s^s2PTW E E ^0-i 

/ci,Zi—0,|fcl—/l|>lfc2,^2—0,|fc2 —^2|>1 H—2 22—2 

- 1/2 - 1 / 2 ^, 


1 


< C'S'iS' 2 Pi P 2 M“1 “2 S 2 P 2 exp |^--u 5(e) 

+ E E - i)pir^ + ife - ^)P2n) ] 

21-1^122-1^1 ^ ^ ^ 

< CSiS2P^^P2^'i>{u)o{l), 

as M —^ c». Now we can easily prove the relation (113. We have for all k and 1 

P {X{kiPi,k2P2) > U,X{liPi,l2P2) > u) < Fk,l, 

hence 

[■Sl/pi] [S 2 /P 2 ] [Sl/pi] [‘S' 2 /P 2 ] 

E E P {X{kiPi,k2P2) > U,X{liPi,l2P2) > u) < E E -Pk,l, 

k2,l2—0,k2i^l2 ki,li—0,ki^li /c2,^ 2 —0,fc27^^2 


from which it follows that double sum in the above left-hand side tends to zero faster than S'iS' 2 Pi ^P 2 as 

M —>• 00 . Thus, both the assertions of Lemma A2 are proved. □ 


4.2 Pickands grid 

Lat a = ( 01 , 02 ) > (0,0). In this subsection suppose that lH(pdi * = 1,2 are Pickands grids, ie., IH(pi) = 
{aiku~‘^/°'\k € N}. We will evaluate the asymptotic behavior of the probability 


PL{u,x) = Pi max X(t) > M, max Ar(t) > u H— 

Vteisnm(pi)xOT(p 2 ) tGis u 


As in the previous subsection, we begin with a short interval. Let Xi > Ui. Then it can be proved quite similar to 
the proof of Lemma 6.1 of Piterbarg (1996), that 


P' 

(Aim 


-2/“1,A2M-2/“2)(^1^) ~ ^ 


0,x 


,^(w) 


J —( 


as M —>• oo, where 

f + OO / \ 

v2Y(fcidi, ^ 2 ^ 2 ) > s, max v2y(ti t 2 ) > s + a; I ds. 
I (ti,t2)G[0,Ai]x[0,A2] J 

It also can be proved in a similar way as for Lemma 6.1 and Theorem 7.2 of Piterbarg (1996) that 

C..a 2 := 1™ <::,.a 2 (Al,A 2 )/(AiA 2 ) € (0, Oo) 


and that there exsits k € (0,1/2) such that for any Si = Si{u) with S 1 S 2 U ( 2 /ai+ 2 /a 2 ) —>■ 00 and S 1 S 2 = 0(exp(Ku^)) 
as M —>■ 00 with 


P^{u,x) ~ 


( 21 ) 


as M —> 00 , respectively. From here we have for Pickands grids, 
Lemma A3. For any a = ( 01 , 02 ) and ^{pi) = {aiku~‘^/‘^\ k G N}, 


v'^ + X 


1 —P( max A(t) < M, max A(t) < u + 

VtGlsnK(pi)x?l(p2) tGis U 


= P 1 max 

I tGlsn9\(pi)xiH(p2) 


A(t) > + P ^max A(t) > u + 


-P 


tGis 


2 I \ 2 /ai+ 2 /Q 2 
V + x' 


\teisniR(pi)xSR(p2) 

SlS2PaiPa2 + 

-^1^2^°’^, „ o2/ai+2/a2^(y) 



x\ 

> 

■up- 


u) 


v'^ + x'' 

+ 





F{u) 


( 22 ) 


as u ^ 00 . 

4.3 Dense grid 

In this subsection, we state a lemma for the dense grid case which is important for our proofs. 

Lemma A4. Let Si = Si{u) with —>■ 00 and S 1 S 2 = 0(exp(KM^)) with n G (0,1/2] as o —>• 00 . 

For any a = (oi, 02 ) and iyi{pi) = {aiku~^^°'y k G N}, we have 

p( max A(t) < u I — P f max A(t) < u I = 5 ( 01 , a 2 )'HQ,'HQ 2 *S'i 5 ' 2 U^^“^'''^/“^ 4 '(a), (23) 

\tGlsn 3 \(pi)xiH(p 2 ) / \tGls / 

where g{ai, 02 ) —>■ 0 as a 0. 

Proof: Lemma 1 of D§bicki et al. (2014) shows that (I23|) holds for some fixed Si > 0. By the homogeneity of A(t), 
it is easy to extend (1^ to the case S'iS '2 = 0(exp(Ka^)) with k G (0,1/2], see eg. the proof of Lemma 12.3.2 of 
Leadbetter (1983) for more details. □ 

5 Appendix B 

In this section, we give three technical lemmas which are used for the proof of Lemma 3.1. Recall that ut = bT+x/aT, 
uij, = bij, + yjaT, where brj, = 5!^ for sparse grids and fe-j. = 6 a ,t for Pickands grids, and r(^^(kq, Iq) = 6 ,r(kq, Iq) + 
(1 — 6 ,)£<(kq, Iq) with h G [0,1]. Let 

zi7(t,s) = max{lr(t,s)l, l£>(t,s)l} 

and 

d(z) = sup { 07 ( 1 , s)}. 

0<s,t<T, 

It is easy to see from Assumptions Al and A2 that for any ei > 0 and S 2 > 0 

-d(si,e 2 ) < 1 

for all sufficiently large T. Further, let a, 6 be such that 

0 < 6 <a<(l — i9(e,e))/(l + 'd(e,e:)) < 1 
for all sufficiently large T and for some e > 0 which will be chosen in the blow. 






Lemma Bl. Under the conditions of Lemma 3.3, we have 


E 

kqeOj jlqeOj 
k:q9ilq,l<i,j<n 


|r(kq, Iq) - £>(kq, lq)| 


'o yr^^'rW'(kqn^ 


exp - 


1 + (kq, Iq) 


dh ^ 0 


(24) 


as T — oo. 

Proof: Recall that iR{qi), i = 1,2 are Pickands grids. First, we consider the case that kq, Iq in the same interval 
Oi. Split the sum (IMl) into two parts as 


E + E =: Jt.i + Jt.2- (25) 

kq.lq^Oj ,kq^lq,i=l,- • - ,n, kq,IqGOj ,kq^^Iq, i = 1, - - - ,n, 

max{ |iigi—^1911,^2 92-^2 921}^® max{ |Ziqi — fci qi |, |i2 92 “ ^2 92 I } >® 


We deal with Jx.i and note that in this case, by the definition of the field CT(t), we have £<(kq, Iq) — 7’(kq, Iq) = 
p(T)(l — r(kq,lq)). By Assumption A1 we can choose small enough e > 0 such that p(kq, Iq) = r(kq, Iq) + 
(1 — ^(kq, lq))/9(T) ~ r(kq, Iq) for sufficiently large T and max{|Zi( 7 i — kiqi\, \l 2 q 2 — ^ 292 !} < £• It follows from 
Assumption A1 again that for all \ti\ < e < 

+ |t 2 |“=) < 1 - r(t) < 2(|ti|“i + |t 2 |“=) (26) 

and the definition of mt implies 

Ux = 21ogTir2 - loglogriT2 + (— + —)loglogriT2 + 0(1). (27) 

Ol 02 


Consequently, since further qi = ^i{\ogTiT 2 ) we obtain 


Jt.i E C 


E 


|r(kq, Iq) - 9 (kq,lq)| 


< 


< 


kq,lq€Oj ,kq^lq,i = l, - - - ,n| 
max{ 1^191 —fci9ll.1^2 92 —^2 92 l}^® 

Q-\ Q2 

0<kiqi<€,0<k2q2<s 


y/l- r(kq, Iq) 


exp - 


1 - r(kq)| 


- r(kq) 


exp —— exp — 


1 + 7’(kq, Iq) 
(1 — r(kq))u. 


2(1 + r(kq)) 




0<fci(3'i<£,0<fc2 92 


< 0(logTiT2)-i/2 ^ [(A:9i)“^+(fc92)“1'/'expEip9i)“i+(fc92)“11og(TiT2)] 

0<fci(ji<e‘,0<fc2Q'2<£ ^ 

< 0(logTiT2)-i/2 ^ expEi[(fc9i)“i+(fc92)“11og(TiT2)] 

<7’c <7" c ' •' 


0<fcigi<e,0<fe2g2<£^ 

c 

-3(^171)“! p-3(^272)“2 


< C'(logTiT 2 )-i /2 g-i(fei7i)“i Y e-i 

ki — 1 ^2 — 1 

< 0 (logTiT 2 )-i/ 2 , 


(28) 


which shows Jx.i — >■ 0 as T — oo. 

Using the fact that itx ~ (21ogTir2)^^^, we obtain 


"It.2 E O 


E 


|r(kq, Iq) - p(kq, lq)| exp ( — 


kq,lqeOj,kq9^1q,i = l,- - ,n, 
max{ |Ziqi — fcl 91 |, |i292 — ^292 I}>« 


1 + ZZJ (kq, Iq) 


< O—— 

9i 92 


E 


exp - 


0<fcl9l<T“,0<fc292^^^>I=li' 

max{fcigi,fc292}>® 


1 + 7?(e,£) 


E C -exp 1 , , 

9192 V l + i^(e,£) 


E 

0 <fcigi <T“ ,0<fc2<3'2 
















9i 92 


OKkiQi ,0</C2 Q2^T'2 

< C'(riT2)“”T^5felT(logriT2)2/“i+2/“=. (29) 

Thus, Jt ,2 —>■ 0 as T oo since a < . 

Second, we deal with the case that kq e Oi and Iq £ Oj, i j. Note that in this case, the distance between the 
points in any two rectangles Oi and Oj is large than or r| and £<(kq, Iq) = /3(T) for kq G Oj and Iq G Oj, i ^ j. 
Obviously, the sum in (l24l) is smaller than 

C y: Kkq,lq)-p(T)|exp(- (^ ). (30) 

kqeOj,lqeOj ^ V ^1’ 'I/ / 

kq7^1q,l<i^j<n 

Split the sum of (l30l) into three parts, the first for \kiqi — liqi\ > 0 and \k 2 q 2 — hq 2 \ > 0, the second for fcigi — = 0 

and \k 2 q 2 — ^ 292 1 > 0, the third for ^292 — ^292 = 0 and |fcigi — hqil > 0 and denote them by i = 1,2,3, 
respectively. Let (3 be such that Q <h < a < (3 < for all sufficiently large T. 

We consider the term S'x.i and split it into two parts as 


5'x,i = C 


E 


+c 


kqeOj ,lqeOj .kq^ilq, 1 <<n 


E 

kqeOj .IqeOj .kq^iilq, 1 <i^j <n 

1^191—^I9ll|fc2g2-^292l>('ri'r2)^ 


—■ •S’t.ii H" ‘S't, 


12 - 


For S’x.i!, with the similar derivation as for we have 

,TiT2 


Sx,: 


< C- 


91 92 


E 

0<fcl9l .0<fc292 <^2’ 
^191^292 <(TiT2)/3 
1 —'i?(e,e) 


exp - 


1 + i3{e,£) 


< C{TiT2f~ (logTir2)2/“i+2/“=. 


Consequently, since /3 < , we have Sx,ii —>■ 0 as T —>• 00 . 

For Sx.i 2 , we need more precise estimation. Let’s define 


(31) 


wi(t) = max{|r(t)|, |p(T)|} 


and 

6»i(z) = sup {wi(t)}. 

0<t<T, 

|tit2l>21«2 

By the Assumption A3, there exist constants C > 0 and K > 0 such that 


01 (t) log (tiO) K 


for all T sufficiently large and t satisfying tit 2 > C. Thus for all T large enough and for (^ 191 ,^ 292 ) such that 
^ 191^292 > (TiT 2 )^, 01 (kq) < AT/log(TiT 2 )^. Now making use of (l27ll . we obtain 
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1 T 2 ) V / 


9?9i log(TiT 2 ) 
















Therefore, by a similar argument as for the proof of Lemma 6.4.1 of Leadbetter et al. (1983) we obtain 


<S't,12 < C 


TiTi 

qi 92 


k(kq)-p(T)| 
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^191^292 >(TiT2)/3 


< 6-exp- a —^ 

9192 l + 0i(Tf,T'')y o<.,<T,.,^o 

^191^2 92 >C'riT2)^ 
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(T 1 T 2 


g2g2log(TiT2) 
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T 1 T 2 
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gig2log(riT2) 
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Y k(kq)-p(T)| 


0<kq<T,kq:?iO 
^191^292 >(TiT2)f3 


9192 

/ 3 T 1 T 2 


Y k(kq) log(fcigifc292) - r\ 


0<kq<T,kq7iO 
^191^292 >(TiT2)/3 


+Cr 


9192 

T 1 T 2 
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0<kq<T,kq5iiO 
fcl 91 ^2 92 >(TiT2)/3 


1 - 


log(TiT2) 


log(fcigifc292) 


(33) 


By Assumption A3, the first term on the right-hand-side of (l33l) tends to 0 as T —>■ 00 . Furthermore, the second 
term of the right-hand-side of (1331) also tends to 0 by an integral estimate as follows ( see also the proof of Lemma 
6.4.1 of Leadbetter et al. (1983)) 

iog(rir2) 


9192 

T 1 T 2 


Y 
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0<kq<T,kq9iO 
^191^2 92 >(TiT2)/3 

9192 
T 1 T 2 
9192 


1 - 


log(A:i9ifc292) 

i—E |log(^i91^292) - log(rir2)| 

log(TiT2)P T 1 T 2 ^ 

^ (hq^\ 

\og{TiT 2 Y T1T2 ^ T1T2 ) 

L 

which shows that S't ,12 —>■ 0 as T —>• 00 . Thus, S't.i —?> 0 as T — 00 . 

We consider the term S'x ,2 and we will discuss it for two cases, the first for {T 1 T 2 Y > T 2 , and the second for 
{TiT2f < T 2 . 

For the case {T 1 T 2 Y > T 2 , by the same arguments as for dMl), we have 


5t.2 = ^ 

Ql Q2 

0<fc2(?2<T2,fciqi=0 

< V 

Ql Q2 

0<fc2q2<T2,fciqi=0 


r( 0 ,^ 292 ) - p(T)|exp ( - 


l + i?(T'',T|) 
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1 -I- i?(e,e) 


< C(riT2)^"T+lfefT(logriT2)^/“i+2/“L 

Therefore, 5 t, 2 —>■ 0 as T —>• 00 in view of /3 < . 

For the second case (TiT 2 )^ < T 2 , split 5't,2 into two parts as 


St ,2 = C 
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+c 
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— • 5't,21 + <S't,22- 
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For S't, 21 , similarly to the derivation of (l2^ again, we have 

Y k(0,fc292) - p(T)|exp (- 
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(log 


1 + i?(£,e) 


which shows that S't ,21 — t 0 as T — oo. 

For bound the term 5't,22, we need to define 

W 2 (t) = niax{|r( 0 ,t 2 )|, |p(T)|} 


and 

6 » 2 (z) = sup {a;(t)}. 

0<t<T, 

l*2l>*122 

By Assumption A3 again, we have also 02 (kq) < K/\og{TiT 2 )^ and r(0, fc 2 < 72 ) log(T'iT 2 ) < C for kiqi = 0 and 
^292 > (TiT 2 )^. So by the same arguments as for (|32ll . we have 


iTiT2)^ 


qlql \og{TiT2) i 1 + 02 (Tf, T^) 


= 0 ( 1 ) 


and we thus have 
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^ {TiT2f ( 

C T T, — , exp — 




9i92iog(rir2) 


< c 


< c 


qlql\og{TxT2) 

9192 log(TiT 2 ) 

T 1 T 2 

9192 log(riT 2 ) 


l+ 02 (Tf,T 2 ^) / T 1 T 2 


E 


|r(0,fc292) - p(T)| 


(TiT2)^</c2 q2<T2,kiqi—0 


E 


|r(0,fc292) - p(T)| 


{TiT 2)^ <k2q2<T2 ,kiqi —0 


T 1 T 2 


E 


(|r(0,fc292)| +p(T)) 


< C 


{TiT 2)^ <k2q2<T2;kiqi=0 
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Ti’ 


which implies 5't,22 —t 0 as T — 00 . Thus we have proved that 5't,2 —t 0 as T — 00 . By the same arguments, we 
can show that 5't,3 —>■ 0 as T —^ 00 . The proof of the lemma is complete. □ 


Lemma B2. Under the conditions of Lemma 3.3, we have 

/•i 
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’(kp,lp) - £»(kp,lp)| 
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kpgOj ,ipeOj 
k:p 7 ^ 1 p,l<i,j<n 


'0 - r('")(kp. Ip) 


exp 


1 + r(^)(kp. Ip) 


dh ^ 0 


(34) 


as T —>• 00 . 

Proof: The proof is the same as that of Lemma Bl, we omit the details. 


Lemma B3. Under the conditions of Lemma 3.3, we have 
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as T —>• 00 . 



















Proof: Recall that IH(pi), i = 1,2 can be sparse grids or Pickands grids. First, we consider the case that kq, Ip in 
the same interval Oi. Split the sum in (1351) into two parts as 


E + E =: Wt.i ^t, 2 - 

kq,lp^Oj ,kq^lp,i = l, -,n, kq, Ip^ O j , kq^ Ip, i= 1, - - - ,n, 

max{ — fci gi |,|i2P2 — ^2 92 I max{ — fci gp |, |i2P2 -^292 I) >« 


(36) 


We deal with Wr.i- For kq, Ip in the same interval Oi, we have g(kq. Ip) — ^(kq, Iq) = p(T)(l — r(kq, Iq)). By 
Assumption A1 we can also choose small enough e > 0 such that p(kq, Ip) = 7’(kq, Ip) + (1 — r(kq, lp))p(T) ~ 
r(kq. Ip) for sufficiently large T and max{|lipi — kiqi\, \I2P2 — ^ 292 !} < £• By the definitions of ut and u(p, we have 

:= + (w't)^) = 21og(riT2) - loglog(Tir 2 ) +log(pCV^^) + (1/ai + 1 / 02 ) loglog(TiT 2 ) + 0(1). (37) 

Consequently, in view of (I26L we obtain 
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(38) 


Noting that qt = 7 i log(riT 2 )^/“‘ and lR{pi), i = 1,2 are sparse grids or Pickands grids, a direct calculation shows 
that 
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which combine with ([38(1 shows that Wt,i —^ 0 as T —)■ oo. 
Using the fact that wt ~ (2logTiT 2 )^/^, we obtain 
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( 39 ) 


Thus, Wt ,2 —0 as T —!> oo by virtue of a < again. 

Second, we deal with the case that kq e Oi and Ip G Oj, i 7 ^ j. Note that in this case, the distance between the 
points in any two rectangles Oi and Oj is large than Tf or and £»(kq. Ip) = /o(T) for kq G Oi and Ip G Oj, i 7 ^ j. 
Obviously, the sum in (1551) is at most 


C 




kqeOj.ipeOj 

kq5iilp,l<i5iij< 


(40) 


Split the sum of (HOI) into three parts, the first for \kiqi — lipi\ > 0 and |fc 2 g 2 —^ 2 P 2 | > 0, the second for fcigi —= 0 
and \k 2 q 2 — hP 2 \ > 0, the third for k 2 q 2 — I 2 P 2 = 0 and \kiqi — lipi\ > 0 and denote them by M^^i, i = 1,2,3, 
respectively. Let /3 be chosen as before, ie, 0<6<a</3< for all sufficiently large T. 

We consider the term Mx.i and split it into two parts as 
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For Mt. 1 i, with the similar derivation as for (l39l) . we have 
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Thus, Mx.ii —>■ 0 as T —>• 00 , since P < . 

For Mx.i 2 , we need also more precise estimation. Recall that 


(41) 


wi(t) = max{|r(t)|, |p(T)|} and 6 »i(z) = sup {wi(t)}. 

0<t<T, 

|tlt2l>^i^2 


Now using (I37l) again, by the same arguments as for (j32|) . we obtain 


(TiT2)2 


qiq2PiP2 log(TiT2) 

(riT2)2 


exp 


l + 0i(Tf,T'^)^ 


< 


qiq 2 PiP 2 log{TiT 2 ) 
^ {T^T2f 
qiq 2 PiP 2 log{TiT 2 ) 
= 0 ( 1 ) 


exp 


l + iG/log(riT2)/5^ 

((Tir2)-2(iogTir2)(iogTir2)-(i/“i+i/“=)(piP2)-^) 


(42) 


and then we thus have 
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By Assumption A3, the first term on the right-hand-side of (H51) tends to 0 as T 00 . Furthermore, the second 
term of the right-hand-side of (l4^ also tends to 0 by an integral estimate as for Lemma Bl. Thus Mt,i 2 —0 as 
T —>■ 00 and then Mt.i — ?> 0 as T — >■ 00 . 

We consider the term Mt ,2 now. As the the proof of the previous lemma, we also discuss it for two cases, the first 

for (TiT 2 )^ > T 2 , and the second for {T 1 T 2 Y < ’72- 

For the case {TiT 2 )^ > T 2 , by the same arguments as for (l3^ . we have 
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which shows that Mr .2 —>■ 0 as T —>■ 00 , where in the last step, we use the fact that the number of (fci, li) such that 
kiqi — hpi = 0 does not exceed Ti/pi and {T 1 T 2 Y > ^ 2 . 

For the second case (TiT 2 )^ < T 2 , split Mt ,2 into two parts as 
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For Mt. 2 i, similarly to the derivation of (15^ again, we have 

AfT, 2 i < C ^ |r(0,fc2g2 - ^ 2 P 2 ) - p(T)| exp ( - 


kqeOj ,lpeOj ,kq 52 ilp,l<i 5 iij<n 
0<|fc2 92~^2P2l<('2"l'^"2)^>^191—ilPl=0 


< C exp ( — 


1 + i?(e,e) 

1-J(e,e) 


E 


l + B{TlT^) 
r(0,fc2(?2 - I 2 P 2 ) - p(T)| 


kqeOj ,lpeOj ,kq 52 ilp,l<i 5 iij<n 

0< I ^2 92 -^2P2 l^('^l'^2)^ ,^191—ilPl=0 


< c(rir2)'^-^^^(iogTir2)i/“^(piP2)-\ 


which shows that Mt ,21 —>■ 0 as T —> 00 . 

For Mt. 22 , we recall that 

W 2 (t) = max{|r( 0 ,t 2 )|, |p(T)|} and 6 » 2 (z) = sup {w(t)}. 

0<t<T, 

So by the same arguments as for (l32)l . we have 
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and we thus have 
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which implies Mr, 22 —>■ 0 as T —?► 00 . Now we have showed that Mr, 2 —?► 0 as T —>■ 00 . By the same arguments, we 
can show that Mt ,3 —>■ 0 as T —>■ 00 . The proof of the lemma is complete. □ 
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